Abstract. We study deformations of smooth mod p representations (and their duals) of a p-adic reductive group G. Under some mild genericity condition, we prove that parabolic induction with respect to a parabolic subgroup P = LN defines an isomorphism between the universal deformation rings of a supersingular representationσ of L and of its parabolic inductionπ. As a consequence, we show that every Banach lift ofπ is induced from a unique Banach lift ofσ.
Introduction
Let F/Q p be a finite extension, and let G denote the F -points of a fixed connected reductive group defined over F . In a recent paper ([AHHV17]) Abe, Henniart, Herzig and Vignéras give a complete classification of the irreducible admissible F prepresentationsπ of G in terms of the supersingular representations, which remain mysterious for groups other than GL 2 (Q p ) (and scattered rank one examples). As a byproduct of the classification, supersingular is the same as supercuspidal (meaning it is not a subquotient of a representation induced from a proper parabolic subgroup). Thus it forms the philosophical counterpart of Bernstein-Zelevinsky theory for GL n in the complex case ( [BZ77] ). This finishes a long project initiated by Barthel and Livné in [BL94] , who looked at GL 2 , and continued by Herzig (the case of GL n ) and Abe (the split case) in [Her11] and [Abe13] respectively.
One feature of the emerging p-adic Langlands program ( [Bre10] ) is a certain compatibility with the deformation theories on both sides (see [Col10, Kis10, Pas13] for the established case G = GL 2 (Q p )). In this paper we study deformations of representationsπ = Ind G P −σ which are smoothly induced from an admissible representationσ of a Levi subgroup L. Here P = L N is a parabolic subgroup with opposite P − , and all these representations have coefficients in some fixed finite extension k/F p , which we take to be the residue field k = O/( ) of some fixed finite extension E/Q p . Our hope is that our results will play a role in future developments of the p-adic Langlands program beyond the GL 2 (Q p )-case.
The first part of our paper deals with deformations over Artinian rings, and forms the core of our argument. Letting Art(O) denote the category of local Artinian O-algebras with residue field k, we consider the deformation functor Defπ : Art(O) → Set which takes A ∈ Art(O) to the set of equivalence classes of lifts π ofπ over A. Thus π is a smooth A[G]-module, free over A, endowed with an isomorphism π ⊗ A k ∼ −→π. Assuming End k [G] (π) = k, the functor Defπ is known to be pro-representable, as recently shown by one of us ([Sch13] ). To allow more flexibility one actually deforms the Pontrjagin dualπ ∨ := Hom k (π, k) which lives in a category of profinite augmented representations. Let Rπ∨ be the universal deformation ring ofπ ∨ and Mπ∨ be the universal deformation ofπ ∨ . The duality transforms the parabolic induction functor into a functor I G P − which yields a homomorphism Rπ∨→Rσ∨ of local profinite O-algebras. The following is our main result. Recall that a Banach lift ofπ is a unitary continuous E-Banach space representation of G with a mod reduction isomorphic toπ. For the unexplained notation, let B ⊂ G be a minimal parabolic subgroup contained in P and let S ⊂ B be a maximal split torus contained in L. We denote by ∆ the simple roots of the triple (G, B, S) and by ∆ 1 the subset consisting of roots whose corresponding root space is one-dimensional. If ∆ L ⊂ ∆ denotes the set of simple roots of the triple (L, B ∩ L, S), its orthogonal complement ∆ ⊥ L is the set of roots α ∈ ∆ for which α, β
L , we can therefore consider the smooth L-representationσ α ⊗ (ε −1 • α) over k whereσ α is the s α -conjugate ofσ andε : F × → k × is the reduction mod p of the p-adic cyclotomic character (see Subsection 1.1.2 for more details).
Implicit in (3) and (4) is the fact that the functor Defπ is also pro-representable by Rπ = Rπ∨, and when the latter is Noetherian there exists a universal deformation Mπ = M ∨ π ∨ which is a continuous representation of G over Rπ. In this context, Ind G P − refers to the continuous parabolic induction functor. We refer to Theorem 2.16 and Corollaries 3.17, 4.14, 4.15 in the main text for more precise statements. In particular, the assumption thatσ is supersingular (imposed when F = Q p ) can be weakened, cf. Hypothesis 2.7 (and the pertaining remark) which only requires that Ord Qσ = 0 for certain proper parabolic subgroups Q ⊂ L. Here Ord Q denotes Emerton's ordinary parts functor ( [Eme10a] ), which is the right adjoint of Ind L Q − . Moreover, (1) and (2) hold true without the assumption End k [L] (σ) = k, e.g. in the following cases:
• 
and if correspondinglyσ decomposes as a tensor productσ σ ⊗χ 1 ⊗χ 2 ⊗σ , thenσ α ⊗(ε −1 •α) σ ⊗χ 2ε −1 ⊗χ 1ε ⊗σ so that the genericity condition becomes χ 1χ
In the principal series case, the result takes a more concrete form. So assume G is quasi-split and specialize to the case where P = B is a Borel subgroup. Then the Levi factor L = T is a p-adic torus. Let 
Here, χ univ : T → Λ × denotes the universal deformation ofχ.
Let us briefly sketch the further content of this paper. In the second part, we study the deformation theory of parabolic induction over complete local Noetherian rings by passing the Artinian theory, so to speak, to the limit. On the way, we establish several properties of the continuous parabolic induction functor. The dimension of the tangent space Ext 1 L (σ,σ) of a deformation ring of type Rσ∨ is not easily accessible. For example it is not known whether it is finite-dimensional for a supersingular representationσ, except when L is a torus or L = GL 2 (Q p ) ( [Pas10] ). This forces us to go one step further and work over quite arbitrary profinite rings. This forms the topic of the third part which contains the main result and its proof.
The origin of this article is a paper of one of us ( [Sor15] ) which dealt with the case of principal series using the calculations of [Hau16a] . Meanwhile, these calculations were generalized in [Hau16b] and the three authors decided to extend the results of the original paper in order to treat the general case. Since the first version of this article, some calculations have been carried over a base field of characteristic p ([Hau17]) allowing our main result to be generalized verbatim to any non-archimedean local field F of residue characteristic p. Finally, we point out a sequel to this article ( [HSS17] ) in which we compute the deformations of generalized Steinberg representations.
1.1. Notation and conventions.
1.1.1. Coefficient algebras. Throughout the paper we fix a finite extension E/Q p which will serve as our coefficient field. We denote its integer ring by O and we fix a uniformizer ∈ O. The residue field k = O/ O is a finite field of cardinality q. The normalized absolute value on E is denoted by | · |; thus | | = q −1 . We writē ε : Q i.e. lies in Pro(O), but it is not Noetherian. Another example is the ring of formal power series over O in countably infinitely many indeterminates X 1 , X 2 , X 3 . . . .
Reductive p-adic groups.
We fix a finite extension F/Q p which will serve as our base field. We let G be a connected reductive group over F . By abuse of notation, instead of G(F ) we simply write G. The same convention applies to other linear algebraic F -groups.
We choose a minimal parabolic subgroup B ⊂ G and a maximal split torus S ⊂ B. We let Z be the centralizer of S in G, N be its normalizer, and W = Z/N be the Weyl group of (G, S). We let ∆ denote the set of simple roots of the triple (G, B, S). For α ∈ ∆ we denote by g (α) := g α ⊕ g 2α the corresponding subspace in the Lie algebra of G (with the convention that g 2α = 0 if 2α is not a root). We put
We have ∆ 1 = ∆ if G is split, but not in general (even if the root system of (G, S) is reduced, e.g.
We fix a standard parabolic subgroup P ⊃ B and let L ⊃ S be the standard Levi factor. We denote by P − the opposite parabolic with respect to L, i.e. the unique parabolic subgroup such that P ∩ P − = L, and we write Z L for the center of L. Similarly we let ∆ L ⊂ ∆ denote the set of simple roots of the triple (L, B ∩ L, S) and its orthogonal complement ∆ ⊥ L is the set of roots α ∈ ∆ for which α, β
L , conjugation by a representative n α ∈ N of the corresponding simple reflection s α ∈ W stabilizes L, and α extends Example 1.5. We find it instructive to unravel the notation in the case of G = GL n (Q p ), where we take B to be the upper-triangular matrices and S to be the diagonal matrices. In this case ∆ = {e i − e i+1 : 1 ≤ i < n} where 
Smoothness of f means continuous relative to the discrete topology on σ (i.e. locally constant). Thus Ind 
(the first one is induced by composition with a continuous section of the projection G P − \G, and the second one follows from the fact that a smooth function f : P − \G → σ takes only finitely many values). Furthermore, C ∞ (P − \G, A) is a direct limit of finite-free A-modules
where K ⊂ G runs through the compact open subgroups, thus it is flat and therefore free. In conjunction with (2.2), this immediately shows that Ind G P − σ is free over A if σ is. For the converse note that σ is a direct summand of Ind G P − σ. If the latter is free σ is projective, which is the same as free over local rings (by Kaplansky's theorem). This shows (1). For the proof of (2), note that the natural map defined
-linear and using (2.2) twice (with σ and σ ⊗ A A ), we see that it is bijective (both sides being naturally isomorphic to
2.2. Ordinary parts. For convenience we briefly recall the basic properties of Emerton's functor of ordinary part Ord P , which is somewhat analogous to (but better behaved than) the locally analytic Jacquet functor
Then the functor of ordinary part is an A-linear functor which is left-exact, commutes with small inductive limits and preserves admissibility (cf. Prop. 3.2.4 and Thm. 3.3.3 in [Eme10a] ). Furthermore, it is related to the smooth parabolic induction functor by the following result.
Theorem 2.3 (Emerton
). Let σ be a locally Z L -finite smooth A[L]-module. (1) There is a natural A[L]-linear isomorphism σ ∼ −→ Ord P Ind G P − σ .
(2) For any smooth A[G]-module π, Ord P induces an A-linear isomorphism
Proof. This is Prop In other words, Ord P is a left quasi-inverse and the right adjoint of Ind 
which satisfy the following equalities (cf. (1.5.8) and (1.5.9) in [KS06] )
(the compositions inside the parentheses are compositions of natural transformations with functors, whereas the compositions outside the parentheses are "vertical compositions" of natural transformations, so that they yield composites of natural transformations
2.3. Higher ordinary parts. Let A ∈ Art(O). In [Eme10b] , Emerton constructed a cohomological δ-functor
which coincides with Ord P in degree 0. This means that a short exact sequence
with degree-increasing connecting homomorphisms functorial in (2.6).
We review a recent result of one of us (J.H.) which gives a complete description of
-moduleσ (satisfying a technical assumption when F = Q p ). This will play a key role in Section 2.5 in the proof of Theorem 2.16.
Let σ be an admissible smooth k[L]-module. We consider the following hypothesis, which will be needed when
. Remark 2.8. In the terminology of [AHV17] , σ is said right cuspidal if Ord Q σ = 0 for any proper parabolic subgroup Q ⊂ L. Thus Hypothesis 2.7 is satisfied by any right cuspidal representation σ. In particular, it is satisfied by any supersingular representation σ.
We now state the key calculation.
Theorem 2.9 (J.H.). Letσ be an admissible smooth k[L]-module.
(
satisfies Hypothesis 2.7, then there is a natural k[L]-linear isomorphism
Proof. This is [Hau16b, Cor. 3.3.9] with A = k and n = 1.
Deformation functors. We letπ be a smooth k[G]-module.
We will study the various lifts ofπ to smooth representations π of G over A ∈ Art(O). In what follows Cat denotes the category of essentially small 3 categories and i : Cat → Set denotes the functor taking an essentially small category C to the set of isomorphism classes Ob(C)/ . Definition 2.10. We define several categories and functors.
(1) A lift ofπ over A ∈ Art(O) is a pair (π, φ) where
• π is an object of Mod Remark 2.11. Defπ(k) is a groupoid, and Defπ(k) is a singleton.
We review some properties of lifts ofπ.
Lemma 2.12. Let π be a smooth
( If π is locally Z-finite, thenπ is also locally Z M -finite since it is a quotient of π. Conversely, assume thatπ is locally Z-finite and let v ∈ π. Since π is smooth, there exists an open subgroup Z 0 ⊆ Z fixing v. Since Z/Z 0 is finitely generated as a monoid (see e.g. the proof of [Eme10a, Lem. 3.2.1]), there exist r ∈ N and
1) π is locally Z-finite if and only ifπ is locally Z-finite. (2) π is admissible if and only ifπ is admissible.
If π is admissible, thenπ is also admissible since it is isomorphic to a subrepresentation of π and A is noetherian. Conversely ifπ is admissible, then π is admissible by the induction hypothesis, so that π is also admissible since it is an extension of π byπ. This proves (ii).
2.5. Induced deformations. We letσ be a smooth k[L]-module and we setπ := Ind G P −σ. By functoriality and using part (1) of Lemma 2.1, we see that
is a morphism of lifts ofπ over A. Thus for any A ∈ Art(O), we obtain a functor
which is functorial in A by part (2) of Lemma 2.1, i.e. it is induced by a morphism Ind 
Then
(1) Ind
Proof. Since a fully faithful functor induces an injection between isomorphism classes of objects, (2) is a consequence of (1) which we now prove.
Let A ∈ Art(O). Let (σ, φ) and (σ , φ ) be two lifts ofσ over A. Note that σ and σ are objects of Mod
(A) by part (1) of Lemma 2.12 and recall the unit of the adjunction between Ind G P − and Ord P . We consider the A-linear morphism (2.14)
• By naturality of , it is well defined and
• By (2.5) we also have Ind 
Proof. Since an equivalence of categories induces a bijection between isomorphism classes of objects, (2) is a consequence of (1) which we now prove. Given lemma 2.13 (see also Remark 2.15), we only have to prove that Ind G P − : Defσ(A) → Defπ(A) is essentially surjective for all A ∈ Art(O).
We proceed by induction on the length of A ∈ Art(O) (cf. Remark 1.4). The base case A = k is trivial. Assume m A = 0 and that we know surjectivity for rings of smaller length. Let (π, φ) be a lift ofπ over A. Note that π is an object of Mod adm G (A) by part (2) of Lemma 2.12 and recall the unit and the counit η of the adjunction between Ind G P − and Ord P . We will prove that (Ord P π,
is a lift ofσ over A, and that the natural morphism of lifts ofπ over A η π : Ind
where we used the equality Ind
• η π which follows from equality (2.5), is an isomorphism.
Pick a ∈ A non-zero such that am A = 0, and let I = (a) be the proper ideal generated by a. We have a short exact sequence of admissible smooth A[G]-modules
Note that aπ is a non-zero vector space over k and π/aπ is a free A/I-module. 
must factor through φ . Thus by Theorem 2.9 and condition (b), we deduce that the last arrow of the exact sequence (2.18) is zero, so that we can treat the rightmost term as being zero. Now applying the exact functor Ind Ind
from which we deduce that η π is also an A[G]-linear isomorphism by the five lemma. Moreover, we deduce that the image of Ind (Ord P π) ), thus the image of the first non-trivial arrow of the exact sequence (2.18) is a(Ord P π).
From the A-linear isomorphism η π and the freeness of the A-module π, we deduce that Ord P π is a free A-module using the "only if" part of part (1) 
Ord P (Ind
where the composite of the upper horizontal arrows is the next to last arrow of the exact sequence (2.18), which is surjective with kernel a(Ord P π). Since a(Ord P π) ⊂ m A (Ord P π) and φ is surjective with kernel m A σ , we deduce that Proof. For any n ≥ 1, 
Lemma 3.5. For any m A -adically complete and separated A-modules U, U , there is a natural A-linear isomorphism
Proof. The A-linear maps given by f → (f mod m n A ) n and (f n ) → lim ← −n f n are inverses of each other. 
Continuous parabolic induction. Let A ∈ Noe(O). We define several categories of representations of G over A. An m A -adically continuous A[G]-module is an m A -adically complete and separated A-module π endowed with an A-linear G-action such that the map G×π → π is continuous when π is given its m
m A −cont G (A) fl = Mod ∞ G (A) fl .(2)
Definition 3.7. For any m A -adically continuous A[L]-module σ, we define an Amodule
on which we let G act by right translation.
Remark 3.8. If A is Artinian, then one recovers the smooth parabolic induction.
Proposition 3.9. Let σ be an m A -adically continuous A[L]-module.
G P − σ is an m A -adically continuous A[G]-module, and it is orthonormalizable if and only if σ is orthonormalizable. (2) For any morphism A → A in Noe(O), there is a natural A[G]-linear isomorphism
Proof. Let U be the A-module underlying the representation σ. By assumption U is m A -adically complete and separated, that is U = lim ← −n U/m n A U . Once and for all we choose a continuous section of the projection G P − \G =: X as in the proof of Lemma 2.1. This allows us to identify Ind G P − σ with C(X, U ) as an A-module. We prove the Lemma in a series of steps below.
Step Now suppose n I > 1 and we know the result for ideals with fewer generators. Once and for all we choose generators for I, say I = (a 1 , . . . , a n ) where n = n I is minimal. Consider the quotient ring B = A/a n A and the ideal J = I/a n A. Note that J ⊂ B is generated by the cosets of a 1 , . . . , a n−1 , so by induction we have an isomorphism
−→ C(X, B/J).
Now A/I B/J so certainly any h ∈ C(X, A/I) can be lifted to C(X, B), and in turn to C(X, A) by the base case (or just sequence (b) with a = a n ), which shows that the map in Step 1 is onto. We now argue that it is also injective. Suppose f ∈ C(X, A) takes values in I ⊂ A. Consider the reductionf ∈ C(X, B), which then takes values in J ⊂ B. By inductionf = N i=1c i γ i with c i ∈ I and γ i ∈ C(X, B). Again by (b) we can choose lifts, that is write γ i =f i where f i ∈ C(X, A). Now the difference f − N i=1 c i f i lies in C(X, A) and reduces to 0 modulo a n A. That is, it takes values in a n A and is therefore of the form a n f for some f ∈ C(X, A) by sequence (a) above. Altogether this shows that f = a n f + N i=1 c i f i visibly belongs to IC(X, A) as desired.
Step 2. We have an isomorphism C(X, A)
The completed tensor product is defined as in (3.2). For any n ≥ 1,
(In the second isomorphism we used Step 1; in the fourth we used (2.2).) Taking the limit over n yields the isomorphism.
Step 3. We have an isomorphism
For this step let M := C(X, A) ⊗ A U , and let M be its m A -adic completion. By
Step 2 (and its proof) we know that
It remains to observe that, since A is Noetherian, the m A -adic completion of any Amodule is m A -adically complete. For finitely generated modules this is a standard application of the Artin-Rees lemma. For infinitely generated modules such as our M it is more subtle; it is the content of [Yek11, Cor. 3.5] (a result which Yekutieli attributes to Matlis, cf. Remark 3.7 in op. cit.). We conclude that
Step 4. Proof of part (1) of the Proposition.
We first observe that at least C(X, U ) is m A -adically complete and separated:
Step 3. Furthermore
is free if and only if U/m
n A U is free (using part (1) of Lemma 2.1), hence part (1) of the Proposition.
Step 5. Proof of part (2) of the Proposition.
For any morphism A → A in Noe(O) we are to show that
By the same type of arguments as in Step 2 we find that for any n ≥ 1,
(In the second isomorphism we used Step 3; in the fourth we used part (2) of Lemma 2.1.) Taking the limit over n gives the result, which finishes the proof. 
Proof. Given any m A -adically continuous A[L]-modules σ and σ , we have A-linear isomorphisms
cf. Lemma 3.5 (together with Remark 3.10) for the first and third ones, and [Vig16, Thm. 5.3] for the second one.
Remark 3.12. We also deduce from Remark 3.10 with n = 1 that parabolic induction respects admissibility (cf. part (2) of Remark 3.6).
Deformation functors extended. We letπ be a smooth k[G]-module.
We extend Definition 2.10 to A ∈ Noe(O).
Definition 3.13. We define several categories and functors.
(1) A lift ofπ over A ∈ Noe(O) is a pair (π, φ) where • π is an object of Mod By functoriality and using part (1) of Proposition 3.9, we see that
is an A[G]-linear surjection with kernel m A π, i.e. which induces an A[G]-linear isomorphism π ⊗
A k ∼ −→π. A morphism ι : (π, φ) → (π , φ ) of lifts ofπ over A is an A[G]-linear morphism ι : π → π such that φ = φ • ι.• if (σ, φ) is a lift ofσ over A ∈ Noe(O), then (Ind G P − σ, Ind G P − φ) is a lift of π over A, • and if ι : (σ, φ) → (σ , φ ) is a morphism of lifts ofσ over A ∈ Noe(O), then Ind G P − ι : (Ind G P − σ, Ind G P − φ) → (Ind G P − σ , Ind G P − φ )
is a morphism of lifts ofπ over A.
Thus for any A ∈ Noe(O), we obtain a functor
which is functorial in A by part (2) of Proposition 3.9, i.e. it is induced by a morphism Ind 
Theorem 3.15. Letσ be an admissible smooth k[L]-module andπ := Ind
Proof. Given Lemma 3.14, we only have to prove surjectivity. 
-linear surjection with kernel m n A σ n+1 and such that φ n+1 = φ n • ρ n . Taking projective limit over n ≥ 1 yields a lift (σ, φ) ofσ over A and an
Note that the limit σ = lim ← −n σ n is orthonormalizable by part (4) of Lemma 3.1.
Application to Banach lifts. We let Ban G (E) denote the category of EBanach representations of G (with continuous E[G]-linear morphisms)
. Thus its objects are Banach spaces V over E endowed with a jointly continuous E-linear action G × V → V . We say that V is unitary if its topology can be defined by a G-invariant norm; we write Ban G (E) unit for the full subcategory consisting of unitary representations.
Following [Sch13, § 6 .1] we denote by Ban G (E) ≤1 the category whose objects are E-Banach representations (V, · ) of G for which V ⊂ |E| and gv = v for all g ∈ G and v ∈ V ; the morphisms are the E[G]-linear norm-decreasing maps. Passing to the isogeny category gives an equivalence (cf. [Sch13, Lem. 6.1] and the pertaining remark)
Let (V, · ) be an object of Ban G (E) ≤1 . We use the previous definitions for A = O with instead of m O in the notation. Note that a -adically complete and separated O-module is orthonormalizable if and only if it is -torsion-free. The unit ball V
• := {v ∈ V : v ≤ 1} is an object of Mod
• yields an equivalence of categories
is the largest integer n for which v ∈ n V • ). Finally, the reduction mod is an object of Mod
Turning the table, given an objectπ of Mod ∞ G (k), we consider all the E-Banach representations V of G for whichV π; the Banach lifts ofπ. Using (3.16), we see that Banach lifts are the same as lifts over O.
For any E-Banach representation V of L, we define an E-Banach representation by letting G act by right translation on the E-Banach space
If · is an L-invariant norm with unit ball V • , then the gauge norm associated to Ind
Thus, we obtain a functor Ind
which corresponds to the continuous parabolic induction functor over O under the equivalences (3.16) for G and L.
We conclude that Theorem 3.15 with A = O can be reformulated as follow. 
Corollary 3.17. With notation and assumptions as in Theorem 3.15 above, every Banach lift ofπ is induced from a unique Banach lift ofσ (up to isomorphism).
Conversely 
The open normal subgroup K ⊂ K given as the intersection over the finitely many K n with n ∈ N/N 0 satisfies nh − n ∈ N 0 for all n ∈ N, h ∈ K . It follows We now make explicit parabolic induction through this duality. We let K ⊂ G be a compact open subgroup such that G = P − K. For example K could be a special subgroup as in [Tit79, § 3.3] 
. In this situation, the same definition (4.1) produces a topological
Proposition 4.8. Let σ be an object of
Mod m A −cont L (A) fl . There is a natural isomorphism of topological A[[K]]-modules A[[K]] ⊗ A[[P − ∩K]] σ ∨ ∼ −→ Ind G P − σ ∨ .
Moreover, the G-action on the dense A-submodule
coincides with the natural G-action on the right-hand side.
Proof. As explained in the proof of Lemma 2.1 the projection pr : G P − \G admits a continuous section s : P − \G → G. We may and will assume that its image Ω := s(P − \G) lies in K (as a compact subset). Thus multiplication defines homeomorphisms
For technical reasons which will become clear below, we compose the multiplication homeomorphism (P − ∩ K) × Ω ∼ −→ K with inversion on P − ∩ K and work with that. We now prove the proposition in several steps.
Step 1.
The first isomorphism is clear. By
Step 2 in the proof of Proposition 3.9 any of the occuring spaces of continuous functions is m A -adically complete and separated. Hence it suffices to prove the second isomorphism modulo m n A . By the same lemma we are then reduced to show 
On the other hand,
Step 2 in the proof of Proposition 3.9. Passing to the projective limit and using Lemma 3.5 completes Step 2.
The isomorphism takes µ ⊗ λ to the A-linear form ξ → µ, ξ λ on C(Ω, σ), where ξ λ is the continuous function on K defined as follows:
(note the inverse here which comes from our normalization stated before Step 1).
Step 6. Ind
The restriction map is injective since
the function f is continuous by
Step 1 and hence a preimage of f Ω .
Step 7. Proof of the lemma.
. Consider the continuous A-linear map j defined by the commutative diagram 4.3. Deformation functors revisited. We let N be a profinite augmented representation of G over k. We will study the various lifts of N to profinite augmented representations M of G over A ∈ Pro(O). In comparison with in section 3.3, we allow non-Noetherian coefficients here. Recall the functor i : Cat → Set defined by C → Ob(C)/ . Definition 4.9. We define several categories and functors.
( 
Proof. This summarizes Proposition 3.7, Theorem 3.8, and Corollary 3.9 from [Sch13] . Our next result reconciles Definitions 3.13 and 4.9 over Noetherian rings.
Lemma 4.11. Letπ be a smooth k[G]-module with dualπ
Proof. Let us first make the duality functor in (1) a bit more precise. An object To see this is an isomorphism it suffices to check that a pseudobasis is sent to a pseudobasis: Suppose (e i ) i∈I is a basis for π (over A). The dual (e ∨ i ) i∈I is then a pseudobasis for M = π ∨ , and a fortiori (e ∨ i ⊗ 1) i∈I is a pseudobasis for M ⊗ A k. On the other hand (φ(e i ⊗ 1)) i∈I is a basis forπ. It remains to verify that ψ(e where the second and the fourth isomorphisms are given by part (2) of Lemma 4.11 and the injection is given by part (2) of Lemma 2.13.
The following is our main result. Proof. This follows from part (2) of Theorem 2.16, which shows that (4.12) is onto.
Using the representability of the deformation functors, we reformulate Theorem 4.13 in terms of universal deformation rings and universal deformations. 4.5. The case of principal series. In this section we fix a p-adic torus T (the F -points of an algebraic torus T defined over F ) and consider lifts of a given smooth characterχ : T → k × over A ∈ Pro(O). That is, continuous characters χ : T → A × whose reduction mod 1 + m A equalsχ. They comprise a set Defχ(A) and the resulting functor Defχ : Pro(O) → Set is representable. We give a precise description of the universal deformation. This is standard but we find it instructive to include the details for completeness.
Let 
